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[bookmark: _Toc497752023]Purpose 
The purpose of this workshop is to equip teachers with skills and knowledge that will enable them to improve the teaching and learning of the Functions in grade 10 to 12. This will be done through exposing teachers to various teaching strategies as well as discussions and deliberations on concepts and common misconceptions in the topic. Teachers will have hands on experience in tackling relevant tasks in this area of Mathematics.
[bookmark: _Toc497752024]Target 
This workshop targets teachers who are teaching or intend to teach grade 10 to 12 Mathematics. 
[bookmark: _Toc497752025]Duration 
This workshop will take 21 hours.
[bookmark: _Toc497752026]By the end of the workshop teachers should be able to:
· Use GeoGebra to explore and explain Functions
· Understand the effect of various parameters in the general equations 
[bookmark: _Toc497752027]Assessment
· At the beginning of the workshop teachers will be given a pre-test and at the end of the training a post-test will be given. The pre-test and post-test are similar in terms of content coverage, concepts and questioning techniques. The questions are of the same level of difficult. Questions tackled in both tests will cover the content covered in the workshop. 
· Performance in the pre-test is an indicator of how much participants know in that particular topic before training. The performance in the post-test indicates how much participants know in the topic after the training. It can then be determined from these results whether there was an improvement in performance or not. Any change in performance would be attributed to the training. 
[bookmark: _Toc497752028]Approach
· [bookmark: _Toc497752029]This is a hands-on workshop. There are few additional notes given just to develop concepts but the content knowledge will be developed through practical work and the facilitators two-way interaction 
Expected
· Heterogeneous group of four 
· Learning space 
[bookmark: _Toc497752030]
Exploring Functions using GeoGebra
[image: https://encrypted-tbn0.gstatic.com/images?q=tbn:ANd9GcS4HIiL-DAGOCrS8Wn8oeOXjZPW7eC_6dOpmCmKTnVPqbu2ULl9oA]
What is a function?
A function is an expression, rule, or law that defines a relationship between the independent variable and the dependent variable. A set of independent variables (inputs or x-values) of a function are called domain and a set of dependent variables (outputs or y-values) are called range of that function. A function is one-to-one if there is a unique element of the domain associated with each element of the range. A function is many-to-one if there is a more than one element of the domain associated with any element of the range. 

[bookmark: _Toc497752031]Sub-topic 1: linear functions (one-to-one function)

The general formula for the linear function is: , where m and c are all real numbers. 
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[bookmark: _Toc497752032][image: http://png.clipart.me/graphics/thumbs/214/summer-sports-icon-volleyball-icons_214110949.jpg]
Activity 1.1: The effect of m

1. Use GeoGebra to sketch the graphs of:
	Parent graph


a)  

b) 

c) 

d) 

e) 

f) Choose your own values


2. What do you observe?

3. Comment about the turning point, intercepts, domain, range minimum value(s) and maximum value(s) of each of the functions above.

4. Use GeoGebra to sketch the graphs of:

 
	Parent graph


a)         

b) 

c) 

d) 

e) 

f) 

g) Choose your own values

5. What do you observe?

6. Comment about the intercepts, domain, range, minimum value(s) and maximum value(s) of each of the functions above.

[bookmark: _Toc497752033][image: http://png.clipart.me/graphics/thumbs/214/summer-sports-icon-volleyball-icons_214110949.jpg]
Activity 1.2: The effect of c

1. Use GeoGebra to sketch the graphs of:
	Parent graph


a)  

b) 

c) 

d) 

e) 

f) Choose your own values


2. What do you observe?

3. Comment about the turning point, intercepts, domain, range minimum value(s) and maximum value(s) of each of the functions above.

4. Use GeoGebra to sketch the graphs of:

 
	Parent graph


a)         

b) 

c) 

d) 

e) 

f) 

g) Choose your own values

5. What do you observe?

6. Comment about the turning point, intercepts, domain, range, minimum value(s) and maximum value(s) of each of the functions above.

[image: https://encrypted-tbn0.gstatic.com/images?q=tbn:ANd9GcS4HIiL-DAGOCrS8Wn8oeOXjZPW7eC_6dOpmCmKTnVPqbu2ULl9oA]
Inverse ( of a linear function 
An inverse function is a function which ‘reverses’ a given function. The inverse function tells you which x-value(s) was used to get the y-values(s) when you substitute the y-value(s) into . A simple way, interchange the variables or reflect the points about the line y=x. This will map the old range onto the old domain. 
	If and , then g is the inverse of f and f is the inverse of g.




[bookmark: _Toc497752034][image: http://png.clipart.me/graphics/thumbs/214/summer-sports-icon-volleyball-icons_214110949.jpg]
Activity 1.3: Inverse (

1. 

Given:    for  

	a) 
	
Sketch the graph of  

Determine the x-intercepts for .

	b) 
	
Write down the domain of  .

	c) 
	
Sketch the graph of  .  

	d) 
	
For which value(s) of  x  will  ?

	
	


2. Create your own question(s) and provided solutions.
[bookmark: _Toc497752035]Sub-topic2: Quadratic functions

The general formula for the quadratic function is:, where a, p and q are all real numbers. However, a ≠ 0. Why?
Another way of writing the general formula of , where  and 
Quadratic functions in the form  or  represent the parabola.
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Activity 2.1: The effect of a

 : ;  & 
1. Use GeoGebra to sketch the graphs of:
	Parent graph


a)  

b) 

c) 

d) 

e) 


2. What do you observe?

3. Comment about the turning point, intercepts, domain, range minimum value(s) and maximum value(s) of each of the functions above.

4. Use GeoGebra to sketch the graphs of:

 : ;  & 

	Parent graph


a)         

b) 

c) 

d) 

e) 

f) 

5. What do you observe?

6. Comment about the turning point, intercepts, domain, range, minimum value(s) and maximum value(s) of each of the functions above.


[bookmark: _Toc497752037][image: http://png.clipart.me/graphics/thumbs/214/summer-sports-icon-volleyball-icons_214110949.jpg]
Activity 2.2: The effect of p

: ; p & p

1. Use GeoGebra to sketch the graphs of:
	Parent graph


a)  

b) 

c) 

d) 

e) 


2. What do you observe?

3. Comment about the turning point, intercepts, domain, range, minimum value(s) and maximum value(s) of each of the functions above.

4. Use GeoGebra to sketch the graphs of:

: ; p & p

	Parent graph


a)  

b) 

c) 

d) 

e) 


5. What do you observe?

6. Comment about the turning point, intercepts, domain, range, minimum value(s) and maximum value(s) of each of the functions above.

[bookmark: _Toc497752038][image: http://png.clipart.me/graphics/thumbs/214/summer-sports-icon-volleyball-icons_214110949.jpg]
Activity 2.3: The effect of q

: ; p & p

1. Use GeoGebra to sketch the graphs of:
	Parent graph


a)  

b) 

c) 

d) 

e) 


2. What do you observe?

3. Comment about the turning point, intercepts, domain, range, minimum value(s) and maximum value(s) of each of the functions above.

4. Use GeoGebra to sketch the graphs of:

: ; p & p

	Parent graph


a)  

b) 

c) 

d) 

e) 


5. What do you observe?

6. Comment about the turning point, intercepts, domain, range, minimum value(s) and maximum value(s) of each of the functions above.

[bookmark: _Toc497752039][image: http://png.clipart.me/graphics/thumbs/214/summer-sports-icon-volleyball-icons_214110949.jpg]
Activity 2.4: Basic exercise

1. Given the function:


a) Sketch the graph of f
b) If f is moved 4 units downwards, to form the graph of g, determine the equation defining graph g and its minimum value.
c) Describe how the graph of  may be transformed firstly to f and then to g.

2. Sketch the graph of   and   on the same system of axes and determine the points of intersection.

3. Given 

a) Determine the y-intercept 
b) Determine the x-intercept
c) Does f have a maximum or minimum value? Explain your answer.
d) Write down the coordinates of the turning point.
e) Draw the graph of f.
f) Draw a straight line passing through the y-intercept and the negative x-intercept. Call this line g. Determine the equation of g.

4. The graph of   and y=d are drawn. For what value(s) of d will there be:

a) Two points of intersection?
b) One point of intersection?
c) No points of intersection?

[bookmark: _Toc497752040][image: http://png.clipart.me/graphics/thumbs/214/summer-sports-icon-volleyball-icons_214110949.jpg]
Activity 2.5: Varied Problems

1. Given:  and  

a) Write f in the form 
b) Sketch the graphs of f and g on the same set of axes.
c) For which values of x will ?
d) For which values of x will 

2. Given:  and 

a) Write f in the form 
b) Sketch the graphs of f and g on the same set of axes.
c) For which values of x will ?
d) For which values of x will ?

3. Given  and 

a) Write h in the form 
b) Sketch the graphs of h and j on the same set of axes.
c) Write down the coordinates of the x-intercepts of h
d) Determine the average gradient of the curve of h between and  .
e) Determine the value(s) of x  for which .
f) Give the coordinates of the turning point of 
g) For , determine the maximum value of k. For which value of x does this maximum occur?

4. Draw rough sketches of:

a)  with ;  and 
b)  with ;  and 
c)  with ;  and 
d)  with ;  and 
e)  with ;  and 

5. Given: 

a) Sketch the graph of f
b)  Use the graph to explain how to find the values of k such that  have two negative, unequal roots.

6. Given: 

a) Sketch the graph of f.
b) Use the graph to explain how to find the values of p such that  have two negative, unequal roots.

[bookmark: _Toc497752041][image: http://png.clipart.me/graphics/thumbs/214/summer-sports-icon-volleyball-icons_214110949.jpg]
Activity 2.6: Inverse of Quadratic function

[bookmark: _GoBack]Unlike linear functions (one-to-one functions), quadratic functions are many-to-one. The domain of a quadratic function must be restricted in order to be able to define an inverse which will then be a function.





[bookmark: _Toc497752042]Sub-topic 3: The hyperbola

The general form of the hyperbola is given by: , where  and 
Point-by point plotting of 
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Activity 3.1: The effect of a

: ;  & 
1. Use GeoGebra to sketch the graphs of:
	Parent graph


a)  

b) 

c) 

d) 

e) 


2. What do you observe?

3. Comment about the intercepts, domain, range and lines of asymptote of each of the functions above.

               	: ;  & 
4. Use GeoGebra to sketch the graphs of:
	Parent graph


a)  

b) 

c) 

d) 

e) 


5. What do you observe?

6. Comment about the intercepts, domain, range and lines of asymptote of each of the functions above.

[bookmark: _Toc497752044][image: http://png.clipart.me/graphics/thumbs/214/summer-sports-icon-volleyball-icons_214110949.jpg]
Activity 3.2: The effect of p

: ;  & 
1. Use GeoGebra to sketch the graphs of:
	Parent graph


a)  

b) 

c) 

d) 


e) Choose your own value of p

2. What do you observe?

3. Comment about the intercepts, domain, range and lines of asymptote of each of the functions above.

: ;  & 
4. Use GeoGebra to sketch the graphs of:
	Parent graph


a)  

b) 

c) 

d) Choose your own values of p.


5. What do you observe?

6. Comment about the intercepts, domain, range and lines of asymptote of each of the functions above.

[bookmark: _Toc497752045][image: http://png.clipart.me/graphics/thumbs/214/summer-sports-icon-volleyball-icons_214110949.jpg]
Activity 3.3: The effect of q

: ;  & 
1. Use GeoGebra to sketch the graphs of:
	Parent graph


a)  

b) 

c) 

d)  + 3

e)  + 4


2. What do you observe?

3. Comment about the intercepts, domain, range and lines of asymptote of each of the functions above.

: ;  & 
4. Use GeoGebra to sketch the graphs of:
	Parent graph


a)  

b) 

c) 

d)  - 3

e)  - 4


5. What do you observe?

6. Comment about the intercepts, domain, range and lines of asymptote of each of the functions above

[bookmark: _Toc497752046][image: http://png.clipart.me/graphics/thumbs/214/summer-sports-icon-volleyball-icons_214110949.jpg]
Activity 3.4: Basic exercise

1. Determine the asymptotes for each of the following functions:

a) 
b) 
c) 
d) 

2. The graph of  is translated 3 units to the right and 4 units upwards to form the graph of h. Determine the equation of h.

3. Given the function:


a) Write down equation of the asymptotes of f.
b) Determine the intercepts of the graph of f.
c) Sketch the graph of f. 

4. Given 

a) Determine the domain of f.
b) Determine the coordinates of the intercepts.
c) Write down the equations of the asymptotes.
d) Sketch the graph of f.
e) Now use the graph to determine the range of f.

[bookmark: _Toc497752047][image: http://png.clipart.me/graphics/thumbs/214/summer-sports-icon-volleyball-icons_214110949.jpg]
Activity 3.5: Varied Problems

1. Given  

a) Write f in the form 
b) Determine the coordinates of the intercepts.
c) Write down the equations of the asymptotes.
d) Sketch the graph of f.

2. Given  

a) Write g in the form 
b) Determine the coordinates of the intercepts.
c) Write down the equations of the asymptotes.
d) Sketch the graph of g.

3. The diagram below shows the hyperbola g defined by   with asymptotes  and . The graph of g intersects the x-axis at T and y-axis at (0;3). The line  intersects the hyperbola in the first quadrant at S.






a) Write down the value of p and q.
b) Calculate the x-coordinate of T.
c) Write down the equation of the vertical asymptotes of the graph of h, if
 .

4. Given: 

a) Write down the equations of the asymptotes of h.
b) Determine the coordinates of the intercepts.
c) Draw the graph of h, showing clearly the asymptotes and the intercepts with the axes.
d) Determine the equation of the line of symmetry that has a positive gradient, in the form y= …..
e) Determine the values of x for which.


[bookmark: _Toc497752048]
Sub-topic 4: The exponential function

Exponential growth is the rate of change in a graph, whether it is increasing or decreasing.


The exponential function 

The general form of the exponential function is given by: 
Point-by point plotting of 
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Activity 4.1: The effect of a




1. Use GeoGebra to sketch the graphs of:
	Parent graph


a) 

b) 

c) 

d) 

e) 


2. What do you observe?

3. Comment about the intercepts, domain, range and lines of asymptote of each of the functions above

4. Use GeoGebra to sketch the graphs of:
	Parent graph


f) 

g) 

h) 

i) 

j) 


5. What do you observe?

6. Comment about the intercepts, domain, range and lines of asymptote of each of the functions above

[bookmark: _Toc497752050][image: http://png.clipart.me/graphics/thumbs/214/summer-sports-icon-volleyball-icons_214110949.jpg]
Activity 4.2: The effect of b

1. Use GeoGebra to sketch the graphs of:
	Parent graph


a) 

b) 

c) 

d) 

e) 

2. What do you observe?

3. Comment about the intercepts, domain, range and lines of asymptote of each of the functions above.

4. Use GeoGebra to sketch the graphs of:
	Parent graph


a) 

b) 

c) 

d) 

e) 

5. What do you observe?

6. Comment about the intercepts, domain, range and lines of asymptote of each of the functions above


[bookmark: _Toc497752051][image: http://png.clipart.me/graphics/thumbs/214/summer-sports-icon-volleyball-icons_214110949.jpg]
Activity 4.3: The effect of p




1. Use GeoGebra to sketch the graphs of:
	Parent graph


a) 

b) 

c) 

d) 

e) 


2. What do you observe?

3. Comment about the intercepts, domain, range and lines of asymptote of each of the functions above

4. Use GeoGebra to sketch the graphs of:
	Parent graph


a) 

b) 

c) 

d) 

e) 


5. What do you observe?

6. Comment about the intercepts, domain, range and lines of asymptote of each of the functions above

[bookmark: _Toc497752052][image: http://png.clipart.me/graphics/thumbs/214/summer-sports-icon-volleyball-icons_214110949.jpg]
Activity 4.4: The effect of q




1. Use GeoGebra to sketch the graphs of:
	Parent graph


a) 

b) 

c) 

d)  + 3 

e) 


2. What do you observe?

3. Comment about the intercepts, domain, range and lines of asymptote of each of the functions above


4. Use GeoGebra to sketch the graphs of:
	Parent graph


a) 

b) 

c) 

d)  - 3 

e) 


5. What do you observe?

6. Comment about the intercepts, domain, range and lines of asymptote of each of the functions above

[bookmark: _Toc497752053][image: http://png.clipart.me/graphics/thumbs/214/summer-sports-icon-volleyball-icons_214110949.jpg]
Activity 4.4: Basic exercise

5. Given the function:


a) Sketch the graph of f
b) If f is moved 4 units downwards, to form the graph of g, determine the equation defining graph g and its minimum value.
c) Describe how the graph of  may be transformed firstly to f and then to g.

[bookmark: _Toc497752054][image: http://png.clipart.me/graphics/thumbs/214/summer-sports-icon-volleyball-icons_214110949.jpg]
Activity 4.5: Varied Problems

5. Given:  and  

a) Write f in the form 
b) Sketch the graphs of f and g on the same set of axes.
c) For which values of x will ?
d) For which values of x will 

[bookmark: _Toc497752055]Trigonometry functions
[bookmark: _Toc497752056]Sub-topic 5: The sine function
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[bookmark: _Toc497752057]Activity 5.1: The effect of a





1. Use GeoGebra to sketch the graphs of:
	Parent graph


a) 

b) 

c) 
d) 
e) 
f) 

2. What do you observe?

3. Comment about the intercepts, amplitudes, asymptotes (if any), domains and ranges of each of the functions above.

4. Use GeoGebra to sketch the graphs of:
	Parent graph


a) 

b) 

c) 
d) 
e) 
f) 

5. What do you observe?

6. Comment about the intercepts, amplitudes, asymptotes (if any), domains and ranges of each of the functions above.

[bookmark: _Toc497752058]  [image: http://png.clipart.me/graphics/thumbs/214/summer-sports-icon-volleyball-icons_214110949.jpg]
Activity 5.2: The effect of k


1. Use GeoGebra to sketch the graphs of:
	Parent graph


a) 

b) 

c) 
d) 
e) 
f) 

2. What do you observe?

3. Comment about the intercepts, amplitudes, asymptotes (if any), domains and ranges of each of the functions above.

[bookmark: _Toc497752059][image: http://png.clipart.me/graphics/thumbs/214/summer-sports-icon-volleyball-icons_214110949.jpg]
Activity 5.3: The effect of p

1. Use GeoGebra to sketch the graphs of:
	Parent graph


a) 

b) 

c) 
d) 
e) 
f) 

2. What do you observe?

3. Comment about the intercepts, amplitudes, asymptotes (if any), domains and ranges of each of the functions above.

[bookmark: _Toc497752060]Sub-topic 6: The cosine function 


[bookmark: _Toc497752061][image: http://png.clipart.me/graphics/thumbs/214/summer-sports-icon-volleyball-icons_214110949.jpg]
Activity 6.1: The effect of a


1. Use GeoGebra to sketch the graphs of:
	Parent graph


a) 

b) 

c) 
d) 
e) 
f) 

2. What do you observe?

3. Comment about the intercepts, amplitudes, asymptotes (if any), domains and ranges of each of the functions above.


4. Use GeoGebra to sketch the graphs of:
	Parent graph


a) 

b) 

c) 
d) 
e) 
f) 

5. What do you observe?

6. Comment about the intercepts, amplitudes, asymptotes (if any), domains and ranges of each of the functions above.

 

 
[bookmark: _Toc497752062] [image: http://png.clipart.me/graphics/thumbs/214/summer-sports-icon-volleyball-icons_214110949.jpg]
Activity 6.2: The effect of k


1. Use GeoGebra to sketch the graphs of:
	Parent graph


a) 

b) 

c) 
d) 
e) 
f) 

2. What do you observe?

3. Comment about the intercepts, amplitudes, asymptotes (if any), domains and ranges of each of the functions above.

[bookmark: _Toc497752063]Activity 6.3: The effect of p

1. Use GeoGebra to sketch the graphs of:
	Parent graph


a) 

b) 
c) 
d) 
e) 
f) 

2. What do you observe?

3. Comment about the intercepts, amplitudes, asymptotes (if any), domains and ranges of each of the functions above.









[bookmark: _Toc497752064]Sub-topic 7: The tan function


[bookmark: _Toc497752065][image: http://png.clipart.me/graphics/thumbs/214/summer-sports-icon-volleyball-icons_214110949.jpg]
Activity 7.1: The effect of a





1. Use GeoGebra to sketch the graphs of:
	Parent graph


a) 

b) 

c) 
d) 
e) 
f) 

2. What do you observe?

3. Comment about the intercepts, amplitudes, asymptotes (if any), domains and ranges of each of the functions above.

 
[bookmark: _Toc497752066] [image: http://png.clipart.me/graphics/thumbs/214/summer-sports-icon-volleyball-icons_214110949.jpg]
Activity 7.2: The effect of k


1. Use GeoGebra to sketch the graphs of:
	Parent graph


a) 

b) 
c) 
d) 
e) 
f) 

2. What do you observe?

3. Comment about the intercepts, amplitudes, asymptotes (if any), domains and ranges of each of the functions above.

[bookmark: _Toc497752067][image: http://png.clipart.me/graphics/thumbs/214/summer-sports-icon-volleyball-icons_214110949.jpg]
Activity 7.3: The effect of p

1. Use GeoGebra to sketch the graphs of:
	Parent graph


a) 

b) 
c) 
d) 
e) 
f) 

2. What do you observe?

3. Comment about the intercepts, amplitudes, asymptotes (if any), domains and ranges of each of the functions above.
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